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Abstract - Three of the most common and performant interleavers for Turbo Codes (TCs) are
Dithered Relative Prime (DRP) interleavers, Quadratic Permutation Polynomial (QPP) interleavers
and Almost Regular Permutation (ARP) interleavers. Recently, in [1] it was shown that DRP and
QPP interleavers can be expressed in the ARP interleaver function form. In this paper, the
conditions for a QPP interleaver to be equivalent to an ARP interleaver are extended for an
interleaver based on Permutation Polynomials (PP) of any degree. PP interleavers of degree 3, 4,
and 5, whose coefficients respect the sufficient conditions from [2], are always equivalent to an
ARP interleaver with disorder degree smaller than the interleaver length (when it is not a prime

number).
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1. Introduction

Two of the most known and performant interleavers for Turbo Codes
(TCs) are the Almost Regular Permutation (ARP) interleavers [3] and the
permutation polynomial (PP) interleavers, introduced by Sun and Takeshita in [4-
5].

Recently, in [1], it was shown that Dithered Relative Prime (DRP) [6] and
Quadratic Permutation Polynomial (QPP) interleavers can be expressed in the
ARP interleaver function form. As a consequence, this proves that ARP
interleaves can obtain at least the same minimum distance as DRP and QPP
interleavers. These equivalences present the advantage of a unified
implementation, when these different interleavers are used for some specific
applications.

QPP interleavers have been intensively studied in [4-5, 7-18]. However, in
[9, 11, 19-20] it was shown that PP interleavers of degree greater than 2 may lead
to performances superior to those of QPP. This motivates analyzing the
equivalence of PP and ARP interleavers.

Necessary and sufficient conditions for generating QPPs and Cubic
Permutation Polynomials (CPPs) were given in [5, 21-22], but not for PPs of
degree higher than 3. The sufficient conditions that must be satisfied by the
coefficients of a polynomial to be PP were given in [2]. In this paper, we present
the conditions to express interleavers based on any degree PPs as ARP
interleavers. Customizations are made for PPs of degrees 3, 4 or 5, whose
coefficients comply the sufficient conditions in [2]. We prove that these PPs can
always be expressed as ARP interleavers, having a disorder degree lower than
interleaver's length, when it is not a prime number. Specific examples are shown
in each case.

The paper is structured as follows. In Section 2 the mathematical model
for ARP and PP interleavers of degree m is presented. Section 3 provides the
sufficient conditions for a m-PP interleaver to be expressed as an ARP interleaver.
These conditions are written for m=2, m=3, m=4 and m=5 in subsections 3.1, 3.2,
3.3 and 3.4, respectively. In Section 4 the sufficient conditions from Section 3,
subsections 3.2, 3.3, 3.4, are applied for PP interleavers of degree 3, 4 and 5,
whose coefficients comply the sufficient conditions in [2], in subsections 4.2, 4.3
and 4.4, respectively. Finally, Section 5 presents some conclusions and remarks
regarding Parallel Linear Permutation Polynomial (PLPP) based interleavers
composed of L LPPs introduced in [23].

2. Mathematical model for ARP and PP interleavers
of degree m

2.1. ARP Interleavers

The ARP interleaver was proposed by Berrou et al. in [3]. Its interleaving
function is defined as:

Tygp (1) = (P14 S ey Jmod K, (1)
where 1 =0,...,K —1 denotes the address of the data symbol after interleaving and
I,z (i) represents its corresponding address before interleaving. P is a positive

integer relatively prime to the interleaver size, K. The disorder cycle or disorder
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degree in the permutation is denoted by Q, which corresponds to the number of
shifts in S. K must be a multiple of Q.

2.2. PP interleavers of degree m

PP interleavers were proposed by Sun and Takeshita [4-5]. They are based
on permutation polynomials over the integer ring Z, , where K is the interleaver

length. For a PP of degree m, denoted m-PP, the permutation function is defined
as

My pp (i) = (f i+ £+ £ .+ f " )mod K, )
where i =0,...,K -1 denotes the address of a data symbol after interleaving and
I1, . (i) represents its address before interleaving. A sufficient condition for

generating PPs of degree m is given in Theorem 1 from [2].

3. Sufficient conditions for a m-PP interleaver to be

expressed as an ARP interleaver

As in [1], a sufficient condition for the existence of an ARP-equivalent
form of a valid m-PP interleaver is that the following equations hold:

(P-i)mod K =(f,-i)mod K (3)
SimaacyMOd K = (f, -1+ £, -’ +..+ f -i")modK  (4)

The above equations are satisfied if:
P=f, (5)

(f i+ f-P+. .+ f i")modK =

=(£,-(i+Q) + f,-(i+Q) +...+ f,-(i+Q)")modK  (6)

Considering the formula of the binomial theorem,
:Zn:cnkf n ch' Q"+ (7)

(6)istruekf2)r

1
f,- > Cyi-Q* + f,- ch' Q7 4.+, ) Cli*-Q" =0mod K
(®)

or

i(f,-C)-Q + f,-C{-Q%+..+ f,-Co-Q")+
+H'(f,-C-Q'+ £,-CL-Q7+..+ £ -CL-Q" )+
+H7(f,-CF Q'+ £,-C-Q7 ..+ f,-Cl Q")+

AT (o Qe £y O Q7)™ £, O Q! = 0mod K (9)




(fz-Q2+ f,-Q +...+ fm~Q”‘)mOdK =0
(2f2-Q+3f3-Q2+...+m- fm-Qm*‘)modK =0

(C3-f,-Q+C} - f,-Q*+...+C - f, -Q"")mod K =0 (10)

(Co foyQ+Cp? £, Q7 Jmod K =0
(Co'-f,-Q)modK =0

The last equation from (10) implies that:
m-f,-Q=1-K,leN", (11)

which is satisfied for:

Q="—K,|EN*. (12)
m-. f

m

Equations 2, 3, ..., m-1 from (10) can be compactly written as:
(Zc:ﬁ £ -Qk"““)jmod K =0, where k=2,...,m=1 (13)
k'=k

Substituting (12) into (13), we have:

m I K k'—(k—1)
[ZC:,‘-fk,-[ 'f j }modK—O, (14)
k'=k

m-

which is true if
n | K'~(k-1)
cSf K" eN* 15
2.C. k(m_mJ (15)
Considering (12), the first equation in (10) is true if
¢
ka,-( | j KK eN*. (16)
k'=2 m- fm
As we will focus on PPs of degree 3, 4 or 5, we will write in detail the
equation from (15) for k=m—-1, k=m-2, k=m-3.
For k =m—1, (15) is equivalent to:
(m=1)-1-(2f,, +1-K)
2-m-f
For k =m-2, (15) is equivalent to:
m-(m-1)-(m-2)

eN* (17)

m-(m-2)-f - f -1+ f - f 17K
5 +
(m-f,)
(M-1)-(m=2) s o
6 +
N 18
(m-1) - (19
For k =m-3, (15) is equivalent to:
e (mo3). £ 2 (ME2M=3) e e

(m-f.) "
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(m=1)-(m=2)-(M=3) s o (M=1)(m=2)-(m=3) .
6 m 24 eN”*
(m-fm)2

Further on, we customize the conditions (12), (16) and (17)-(19) for m=2,
m=3, m=4 or m=5.

—+

(19)

3.1. Sufficient conditions for a QPP interleaver to be expressed as an
ARP interleaver

In this case m=2 (i.e. the PP is a QPP) and the system (10) has only two
equations, (12) and (16).

(12) becomes

Q= ;—}:, | e N", which is the same to (25) in [1],
Y

and (16) becomes

2
f, -(2 If j -K € N, which is the same as the condition after eq. (32) in
)

[1].

3.2. Sufficient conditions for a CPP interleaver to be expressed as an
ARP interleaver

In this case m=3 (i.e. the PP is a CPP) and the system (10) has three
equations, (12), (16) and (17).

(12) becomes

I-K .

Q—3.f3,IeN, (20)

(16) becomes

I?-K-(3-f,+1-K)

SR E eN", (21)
and (17) becomes
I-(2-f,+1-K
(2 B+ K) e 22)
3-1f,

3.3. Sufficient conditions for a 4-PP interleaver to be expressed as an
ARP interleaver

In this case m=4 and the system (10) has four equations, (12), (16), (17)

and (18).
(12) becomes
Q= 1K e N* (23)
4-f,’

(16) becomes
K- (2% f, - £, 427 £ 1K+ 17 K?)

T eN', (24)

(17) becomes




3-1-(2- f,+1-K)
2’ f,
and (18) becomes
(20 f,- £, 4273 £ £, L K+ 17 -K?)
24.1:42

eN". (25)

eN* (26)

3.4. Sufficient conditions for a 5-PP interleaver to be expressed as an
ARP interleaver

In this case m=5 and the system (10) has five equations, (12), (16), (17),
(18) and (19).

(12) becomes

I-K .

Q = H ) leN ) (27)

(16) becomes

I K5, £ 45 £ f K5 £, 1P K+ 1K)

N eN", (28)
(17) becomes
2-1-(2-f,+1-K
(2 f+1K) (29)
5-f,

(18) becomes
I-(5-3-f,-f.+5-2.3-f,- .- . K+2-1*.K?

( S = )eN+, (30)

5% f,

and (19) becomes

[-(5°-2-f,-f2+5.3-f-f.-.K+4-f,- " K +I’.K’

( 2 > : )eN+. (31)

53 . .I:53

One of the sufficient conditions imposed in [2] on a polynomial’s
coefficients, so that it is PP irrespective of the value of K, is for f,, f,,..., f, tobe

multiples of each odd prime number that divides K.
We consider the decomposition of K in prime factors [1] as:

o(K)
K= ZaK’l . H piaK«i
=@

the decomposition of the coefficients f;, j=2,...,m, as
At ald At a)(fj) At
=211 I1 pify (33)
i=2

i=o(K)+1
and the decomposition of | from (12) as
o(K) o fn)
=2 TTe T e, G4
i=2 i=o(K)+1
where a)( K) and a)( f, ) represent the number of different prime factors from the

decomposition of K and f, j=2,...,m, respectively.




4. PP interleavers of degree 3, 4 or 5 seen as

peculiar cases of ARP interleavers

Let us rewrite conditions (20) - (31), taking into account (32) - (34). In
order to be consistent with the numbering of subsections for PP interleavers of
degree 2, 3, 4 and 5, respectively, the following 4 subsections correspond to the
four ones in Section 3.

4.1. QPP interleavers seen as peculiar cases of ARP interleavers
The case of QPP interleavers was studied in [1] and we skip it.

4.2. CPP interleavers seen as peculiar cases of ARP interleavers
From (20), we have

I ° K o) tayg |~ o -1 {U(K) o itag i~y W( f3) i~
Q — = Mt ha 3 H p; GTaKiT A H pi,fJ 3.0 (35)
3- 1, i i—o(K)el

In this case we have to consider the factorization of K, of the coefficients
f, and f,, and of |, depending on how 3 /( K or3|K.

Thus, if 3 / K, K and f, are as in (32) and (33), respectively, and

a(K) o(f;)
f3 = 2% H pi Bi 3 oK) | H plgn (36)
i=2 i=o(K)+2
w(K) " o(f
| = 2% H pial,i L3 H p|alf; (37)
i=2 i=o(K)+2
If 3|K, f, isasin (33), and
o(K)
K = 2% 3%z, H piaK.i (38)
i=3
Y L o) elh)
f3 :2 f3,1 3 13,2 H pi f3i H pi,gl (39)
i=3 i=o(K)+1
u u o(K) o o(f;) o
| = 2% .3%2 H D, (K H p||f: (40)
i=3 i=o(K)+1

We mention that in (32)-(33), (36) and (38)-(39) we could have ¢, =0
and/or a; ;=0 and/or a; ;=0 and/or «; ., =0, the rest of prime numbers’

powers being grater than 0.

Then, if 3 ,( K, we have
@ +an —a oK) O tag i —as, o —ay -1 o) Q=
Q — 2 LT ™% 0 H pi LiTEK i T 3 oK)+ 3.0 K)+ . H pi’lf,; f3.i (41)
i=2 i=

i=o(K)+2
and if 3| K
o tag  —a o)y oy =g, -1 oK) o oy i—x, o) =g,
Q — QAT 3 121K 2= %13 2 H pi LitaKi—C i ];[) pllf; f3,0 (42)
i=3 i=o(K)+1

Since Q has to be a divisor of K, from (35) we have
DIf3[K




O<oa+ay;—a;Sag ©a;;—aSa; Sa; (43)
fori=12,...,0(K),

A (k)1 = X, (k) +1 (44)
and

G = (45)
fori=w(K)+2,...,0(f,).

mIf 3|K

O i — Oy =q; = Oy (46)
for i = 1,3,4,...,a)(K),

A, — 0, +1<a,<a,+1 (47)
and

Q= (48)

fori=w(K)+1,...,0(f,).
From (21) we have
I) 1If 3| K, considering (44)-(45), we have:

K (35 4] o(K)
I”-K (3 fz +1 K) _ 220!|,1+0‘K,1+0‘f2,1—20’f3,1 .3—2 . 20 j+ay j+ay, —2ay .32‘1|,m(+<)+1*2‘7‘f3,m(r<)+1 .
3. f2 - P
i=2
“’(fz o( f3)
pale 30‘|1+20‘K1 204y 3—3 p30~’||+20~’|<| 20, 330‘| AK )1 2% 4 o paf3,i _
i,f, I | i,f;
i=o(K)+1 i=2 i=o(K)+2
o(K) o(K) o(f,)
_ 22“|,1+f1K,1—2‘1f3 20‘| itai—20g Ofle ani f2|
- p p| ,f,
i=2 i=2 i=o(K)+1

o(f3)
+20‘||+0‘K1 H pall+aK| 3 f3.01 pI ;zl}

i=o(K)+2
(49)
A sufficient condition for (49) to be a positive natural number is:
200+ o 20 + min{ogfz,i,oz,,i + oy } >0

A+ mln{ozfz,i,oq,i + aK,i}

S0 20—
5 35 2

; (50)

fori=1,2,...,0(K).
Il) If 3|K, considering (48), we have:




1.K-(3-f,+1-K) a(K)

22a|.1+0’K,1+af2.1—20’f3,1 32oz|'2-¢-azK'2+ocf4'2—2ozf372 3 H 2a,,+aK,+af2, 2af3,

33 . f 2 L2
a)( f,) o(f;)
pafz, + 23a| 1H2ak - 2af3, 33a| 2 +2ay 2—2ozf32 3 -3 H p3a| it2ox; 2af3, . plaﬁ, _

i=o(K)+1 i=3 i=o(K)+1

o(K) o(K) o(f,)
— 220‘|,|+“K,1—205f3,1 .32“|,2+05K,2—2“f3,2—2 . H pi2“|,|+“K,|—2af3,i A U‘le 3’1f42 H paf2| plagn

i=3 i=3 i=o(K)+1

+ + -1 + W( f'?) ag,

4T 32t H pan ok, | H plgu eN*

i=o(K)+1
(51)
A sufficient condition for (51) to be a positive natural number is:
200, + oy 20 ; + mln{afzyi,a,’i + oy } >0

.+min{a Lot }
K,| fp,i2 L K,i
S, >a, : , (52)
2
for i =1,3,4,...,0(K) and
200, +oy , - 20 , —2+mm{afz’2,a,’2 +ay , —1} 20
A 5 +min{0¢f 2O, + 0y 5 —1}
So,2a,+1- - (53)
) 3

2
From (22) we have

I) If3 / K, considering (44)—(45) we have:

. . . o(f;)
I (2 f2 +I K) 20‘|1+Off2| —Cgy+l .3° 1 H pan*afz.*afy 3‘1’|qu)+1 Ttz oK) p“fzn
3-f, i=o(K)+1
o(K) 5 o( f3)
209+~ -1 20 j+ay -y A oK)+ =X b3 0(K)H A
+2 -3 H Pi -3 : Pis, =
i=2 i:a)(K)+2
o(K) o(f)
“ll gy A af21+] H Ani | H ag
H P P+
i=2 i=o(K)+1
a +1 a)(f3)
o) +o aitag f3.0(K)+1 Uiy i +
+2 H pte3 P reN
i:a)(K)+2

(AS i?lfﬁcient condition for (54) to be a positive natural number is:
o, — +rnin{05f271 +lo, + aK,l} 20 <a,z2a, —rmn{ozf Loy oy 1}
(55)
and
=yt min{ozfz’i,ocl’i + oy } 20 @ 2a; —min{ozfz,i,ocl,i + aK’i} (56)
for i = 2,3,...,(0(K).

II) If 3|K, considering (48), we have:




o(K o f,
| (2 . f2 +1- K) _ 2a,y|+af2_l—afzyl+1 ) 301|,z+af2.2—0!f3.2 .3—1 ) 1(—f CRRLINE TN () a, n
3.1 = P Pi s,
Lk i=3 i=o(K)+1
o(K o f
220‘|,1+0‘K,1—0‘f3.1 32al.2+aK,2_af3,2 3—1 &y 20y j+ag =ty & At _
+ : : H Pi ' Pir, =
i=3 i=o(K)+1

K K f

_ 2a|,1—af3,1 .30!|,2_0!f3,2_1 . ﬁ p0!|,i—af3,i . {20”2,&1 ) 30!f2,z . il pafz,i . olt) pafz.i +
= i i if,

i=3 i i
K f

20‘|,1+ak,1 304,2*0‘»(.2 ) aitag i A0 Uty i N+
+ ) ) H Pi ) pi,f3 €
i=3

I i=o(K)+1

W

(57)
A sufficient condition for (57) to be a positive natural number is:

o, -, + min{ozfz’1 +1lo, + oy } 20 oa,z2a, —min{ozfzj1 +1lo, + aK,l}
(58)
Q, =, 1+ min{cxfz’z,oq,2 + am} 209,20 ,+1 —min{Otfz,z,Otl’2 + aK’z}
(39)
=yt min{czfz’i,oz,’i +ay } 20 g 2ay; —min{cxfz’i,oz,’i + aK’i} (60)
for i :3,4,...,a)(K).

In conclusion, if 3 I( K, rejoining the conditions (43)-(45), (50), and (55)-
(56), we have:

ay +min{ocfz,l,ocl’l +aK’l}

Q¢ ; —min ozK’l,mm{ocfz’1 "‘1’0‘1,1 +05K,1}’ > S, < a;

(61)

Ay +m1n{af2’i,a|,i +aK’i}

Q4 ; —min czK,i,min{Otfz,i,oc,,i +aK’i}, 5 <o <y
(62)
for i =2,3,...,0(K),
A oK) = Fhy (k) +1 (63)
and
O =y is (64)

fori=w(K)+2,...,0(f,).
If 3|K, rejoining the conditions (46)-(48), (52)-(53), and (58)-(60), we

have:
0(K1+min{05f 1,0{l1+05,<1}
—mi i - — —t<a . fa
Q; , —min aK’l,mm{afz’l—i-l,am+aK,l}, 5 <o, <o,
(65)

Ay, +rnln{czf2,2,0q,2 +ay, —1}
2

ap ,+1-minq ey ,, ,mln{afz’z,a,’eraK’z} <

Sa,<a, +1 (66)
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Ay +mm{ozfz’i,05|’i +aK’i}

Uy i min{aK,l’min{afz,li'al,l +aK,i}’ ) <o <ay
(67)

fori=3,4,...,0(K)

and

A = Ao (68)
fori=w(K)+1,...,0(f,).

We mention that if the left hand side of the double inequalities (61)-(62)
and (65)-(67), is negative, it is considered to be equal to 0. Since the minimum
value of quantities in the brackets from previous relations are nonnegative, for any
CPP satisfying the conditions of theorem 1 from [2] there is an equivalent ARP.

Example 1:
Let K=1696=2"-53' and the CPP coefficients f,=55=5" 11",

f,=954=2"'.53".3> and f,=1272=2°.53"-3". These coefficients respect

conditions a), ¢) and d) from theorem 1 in [2], resulting in a valid CPP.
The values of | leading to valid values for Q are factorized as follows:

| =2%0.53%2.3%: (69)
Because 3 /( K', we impose the conditions (61)-(63).
From (63), we have
,=2, (70)
so that the factorization of Q is
Q=2%"2.53%2 (71)
Condition (61) can be written as:

3—min{5,rnin{l+l,oc,,1 +5}, 5+min{l,a|’l +5}}£ a,,<3

2

<:>3—min{5,2,57+1}S0(L1 S33-2<q, <3< 1<, <3. (72)

Condition (62) can be written as:
1+ min{l,o:l,2 + 1}
2

l—min{l,min{l,a,,2+l}, }s%sl@l—ls%sl

0<a, <. (73)

From (72) and (73), we see that there are 6 possible values for | and,
consequently, for Q, given in Table 1. The possible values for the vector S for

this interleaver, for which Q, =8 (the minimum value of Q) are given in Table 2.

Table 1. Possible values for Q in the CPP with K =1696, f =55, f,=954 and
f, =1272.

| [18]36|72[954 1908 | 3816
Q| 8 [16]32]424 | 848 | 1696
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Table 2. Equivalent ARP interleavers with P = f,, Q, =8, S (O) =S (4
Ko ] f5 1S()|S(2)|S(3)]S(5)|S(6)|S(7)
1696 | 55 | 954 | 1272 | 530 | 424 530 | 1378 | 424 | 1378

Example 2:
Let K=216=2’-3" and the CPP coefficients f =11, f,=36=2%-3

and f,=144=2%.3". These coefficients respect conditions a), ¢) and d) from

theorem 1 in [2], resulting in a valid CPP.
The values of | leading to valid values for Q are factorized as follows:

| =2%.3%2 (74)
so that the factorization of Q is
Q=2".3% (75)

Because 3| K, we impose the conditions (65)-(66).

Condition (65) can be written as:

4—min{3,min{2+ L, + 3}, 3+min{§,a,,1 i 3}} <a,<4

@4—min{3,3,¥}s 0, <4c4-25<a,<4o2<a, <4 (76)

From (66) we have:

|, 3+min{2,0,+3-1}
2+1-min<3, > ’ ,m1n{2,05h2+3} <a,<2+1

@3—min{3,§,2}£a,2£3 ©3-2<q,<31<a,<3. (77
2 s > »

From (76) - (77), we see that there are 9 possible values for | and,
consequently, for Q, given in Table 3. The possible values for the vector S for
this interleaver, for which Q, = 6 (the minimum value of Q) are given in Table 4.

Table 3. Possible values for Q in the CPP with K =216, f, =11, f, =36 and f, =144.
| | 1224 |36[48 |72 |108 | 144 | 216 | 432
Q|6 |12]18|24|36| 54 | 72 | 108|216

Table 4. Equivalent ARP interleavers with P = f, Q, =6, S (0) =S (2) =0
K flf | f S(l) 8(3) 3(4) 5(5)
216 | 11 | 36 | 144 | 180 108 72 108

Example 3:
Let K=4802=2'-7" and the CPP coefficients f,=10=2"-5",

f,=70=2"-5"-7"and f, =7="7". These coefficients respect conditions b) and c)

from theorem 1 in [2], resulting in a valid CPP.
The values of | leading to valid values for Q are factorized as follows:

| =2%.7%2.3% (78)
In the following relations, we will consider ¢ ;=0 and a; , =, ;=0.
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Because 3 / K', we impose the conditions (61)-(63).
From condition (63), we have
a,=0+1=1, (79)
so that the factorization of Q is
Q= gt gaatd (80)
Condition (61) can be written as

O—min{l,min{l—i—l,oz,,l + 1}’1+min{;,a,,l i 1}} <, <0

<0-1<¢, <0 ¢, =0. (81)

Condition (62) can be written as

4+ min{l,or,,2 + 4}
2

1—min{4,min{1,a,,2+4}, }Sauﬁl@l—lsq,,zﬁl

S 0<g,<1. (82)

From (81)-(82), we see that there are only 2 possible values for | and,
consequently, for Q, given in Table 5. As the minimum value of Q is too large,
namely Q, =686, we have not given the possible values for the vector S for this
interleaver.

Table 5. Possible values for Q in the CPP with K =4802, f =10, f, =70 and f,=7.

| 3 21
Q | 686 | 4802

Example 4:
Let K=1225=5"-7> and the CPP coefficients f, =12=2%.3,

f,=525=3".5".7" and f,=140=2%.5"-7". These coefficients respect

conditions a) and c¢) from theorem 1 in [2], resulting in a valid CPP.
The values of | leading to valid values for Q are factorized as follows:

| = 204,1 . 504,2 . 70‘|.3 . 304,4 , (83)
In the following relations, we will consider «,,=0, a;,=0 and

Q4= 0.
Because 3 /( K', we impose the conditions (61)-(63).
From (63) we have

a,=0+1=1, (84)
so that the factorization of Q is
Q — 2a|yl—2 . 5a|w2+l . 7“!,3”1 ) (85)

Condition (61) can be written as:

2—min{0,min{0+1,0¢,j1 +O}, 0+min{0,05|,1 +0}} <a, <2

2
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©2-0<, 26 q,=2. (86)

Condition (62) can be written as:

2+ min{2,0¢,,2 +2}
2

1—min{2,min{2,a,,2+2}, }§a|’231<:>1—2£a|’2£1

<0<, <1 (87)

and

2+ min {l,oq,3 + 2}
2

l—min{Z,min{l,al,3+2}, }s%sl el-1<ag;,<I1

S0<a,<l, (88)

respectively.
From (86)-(88), we see that there are 4 possible values for | and,
consequently, for Q, given in Table 6. As the minimum value of Q is too large,

namely Q, =35, we have not given the possible values for the vector S for this

interleaver.

Table 6. Possible values for Q in the CPP with K =1225, f =12, f, =525 and
f, =140.

| | 14700 | 73500 | 102900 | 514500
Q 35 175 245 1225

4.3. 4-PP interleavers seen as peculiar cases of ARP interleavers

From (20), we have
I : K o) +og =0, =2 w(K) o itag i—A, i w(f4) o i—Qi, i

Q — = QAT H pi ity i pi,lf; f4.i (89)
4- f4 i=2 i=o(K)+1

We mention that in relations (32)-(33) we could have ¢, =0 and/or

a;,=0 and/or a;,=0 and/or & =0, the rest of the powers of the prime

numbers being greater than 0.
As Q has to be a divisor of K, from (89), we have:

0<a,+o,—a;,-2<a, o, -a,+2<q,<a;,+2 (90)

0o ;+a,—a;;sa < A = Qg S Sy 1)
for i =2,3,...,0(K) and
;= (92)

for i =w(K)+1,...,0(f,).
From (24), considering (92), we have
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2 4 2 2 2 o(K)
12K (24 8, 427 £ LK 1K) Rpe——— H v st ey
28 f 3 B
. i
o(f,) o(f,) o(K)
. agy 2a| i 2ocf4 n 230:|_1+20:KJ+o:f3,|—3ozf4 - 3a| i+2ay itan 3af4 i
pi,f2 Pi ¢ | I
i=al i= (u +1 i=2
2] f3 4 (u(K) 2l f4
. agy . 3al,i’3af4,i +24a|'1+3aK'1—3af4’1—8 . 4al.i+3a|<,i*3a’f4,i . 30‘|,i*30~’f4.i _
pl ,fs pi,f4 pi | I pl fy -
i=w K +1 i=2 i= (u
K (u(K)
2o +ay  —3ag, )~ 20‘| itag i—3ag, ay, j+ag, 1 +4 g, ity afz i
=2 i=2 i=o(K

v(K) o(K)
+2a|’l+aK,1+af3 1+2 H oq ita ity . H paf3 i +22a| 1+2ax n 2a| it2ag } N+

=2 i= i=2
(93)
A sufficient condition for (93) to be a positive natural number is
2oy, + oy, =30, =8+

+m1n{ozf2ﬂ1 tag Ao, to o 2,20+ 20!K,1}2 0

3a
o, z2— 2 S .

. (94)
a,; +min {afz,l +tog  + 4o, +oy, + ap,+ 2,20y, + 2“K,1}

2
20 + o — 3af4,i + mm{afz,i +og oot afs,i,ZaU +2a; } >0

305%i - —mln{ocfzyi + a0+ O T ozfj’i,2oz|’i +2aK,i}
Sa 2 , (95)
Li 2

fori=2,3,...,a)(K).
From (25), considering (92), we have:
3|2f IK o +a a aita a
( 3+ ):2,'] f3,17 f4|23Hp|. f3,i 700

1,
«8) Aty o) =0, 2205|.1+0‘K,1—05f4.1—3 . 20‘| T i~y ol 20‘|| Apyi
Pis, - Pi s, + H : Pi ¢ =
i=o(K)+1 i=o(K)+1 i=2 i=o(K)+1
o(K)
— 20‘|,|—0‘f4,1—3 3. pial.i_au,i .
i=2
af gt Ay Aty a1tk Q) jto Ay i
{3 Hp3-Hp.ﬁ+2 Hp 'Hp-f‘i}
i=o( i=a(

(96)

A sufficient condition for (96) to be a positive natural number is:

@, — 0y —3+min {afzyl +lLo, + O‘K,1} 20

So,za,+3- min{aw +1lo, + aKJ} 97)

Qi+ min{ozfpi,oq’i +oy } 20 ©o;2a,; —min{ozfpi,ozl’i +oy }, (98a)

;=

for i =2,3,...,0(K), when p, #3.1fp, =3, (98a) becomes
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a,=q, +1+m1n{05f3,2,05|’2 +aK,2} >0

S, 2za, —l—min{atf%z,aq’2 + aK,z}. (98b)

From (26), considering (92), we have

(923 . 2.3, . .- 2. K? o(K
I (2 f2 f4 +2 3 f3 f4 I K +I K ) + o +ag, a1 *) Q)+, i =gy i
I= N — 2 s 2, 4. . p | 2, 4,
24 £ - ‘
tly i=2
o(f) o(fy) o(K)
Ahi @ =0y | 2o tag gty 72 o 2o tagtan =y
pi,f2 pi,f4 +2 3 pi

i=o(K)+1 i=o(K)+1 i=2

ol o) 3y 420 —2ar, -4 S 3a sra ol o,

A3 =y PR S It PR i Aiteag =y =2y i
pi, f; pi, fy +2 pi pi,f4 -
i=o(K)+1 i=o(K)+1 i=2 i=o(K)+1
o(K) o(K) o(f)
— 20‘|.1—20‘f4,1—4 . pial.i_zau,i . 20‘f2,1+0‘f4,1+3 . pia‘fz.i+af4,i . I | plagu +
i=2 i=2 i=o(K)+

o) tay Fog, tag 12 oK) ooy it i to, w(f3) Ay, olfy) ay, i

+2 1,1 K1 3.1 fa.l 3 p 1i K f3.0 fai | p f3d p f4.i +
I | i | I i,f; | I i,f,
i=2 i=o(K)+1 i=o(K)+1

201 +2¢, w(K) 20y i+20 w(f4) as, +
Ty R R H p; itlo pi,al cN
i=2

i=o(K)+1
(99)
A sufficient condition for (99) to be a positive natural number is
a, - 205%1 -4+
+min{ocf2,1 +ag , + 3, tay  + ag,+ 2,20y + 205,(’1} >0

So, 220 +4-
. (100)
_mm{“fz chag 3 ey oy +2,2a,, + 20y 1} >0

a —205f4,i + min{ozfz,i 0o Oy +0:f4’i,205|’i +2aK,i}2 0
S a2 2af4’i —min{afz’i T 0T O cxm,205,’i +2aK,i} (101a)
for i =2,3,...,a)(K), if p,#3.
If p, =3, then for i =2, (101a) becomes
, 22, —min{afz’2 +a 0, T, ta o, 20, + 20{K’2} (101b)

In conclusion, rejoining the conditions (90)-(92), (94)-(95), (97)-(98a,b)
and (100)-(101a,b), we have
ag, + 4—

Ay, t+2,

Ay, — A +m1n{05szl +toag +4,a), + oy +tayg +2,2¢, +2aKW1}

2

IA

—min 2
1+ min {am +La, + aK,l},

—a +m1n{05f2,1 +ag +3,0, +ay, tog ,+ 2,20y, + ZaK,l}

<o, <a;+ 2
(102)
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Ay s

Qi =y +m1n{05f2’i tog Lot oyg +05f37i,205,’i +2aK,i}

b

IA

o ; —min 2
45
mln{afs’i,al’i +aK’i},

—a, ; +min {afz,i tag Lo togtagg +05f4,i,205|,i +2aK,i}

< Saw

(103a)

for i =2,3,...,0(K), when p, #3. For p, =3,
aK,Z’

A, =, + mln{()tfz’2 tay 5,0, o, + af3’2,2a|’2 + ZaK,z}

2

IA

@y, , —min 2
I+ min {afs’z,a,,z + am},

—Q,, +m1n{05f2’2 toy n.a, o, tog Lo, +1,2¢,, + Zasz}

<, < a5
(103b)
and
A=Ay s (104)
for i =w(K)+1,...,0(f,).
We mention that if the left hand side of the double inequalities (61)-(62)
and (65)-(67) is negative, it is considered to be equal to 0.

Obviously, for ¢, =a; ,+2 and a;=a, ;, i= 2,3,...,0(K), it results
that Q = K. To prove that there are also valid values of Q smaller than K, it is
sufficient to show that ¢,; =« ; —1 verifies the first inequality in (103). Indeed,

because for i=2,3,....,0(K), a; 21, a;; 21, a; 21, a,; 21, by replacing

@, ; = a, ; —1 into the left hand side of (103), we have

Ay is

Qy; — Qg ; +min {aw tog L0y —1+0¢K’i +af3’i,2af4’i —2+2aK’i}

. 9
o, ; —min 2
45

m1n{05f3,i,05fmi —1+aK,i},

—ay +m1n{05f2,i tag —1+aK,i +tag +af4,i,2ocf4’i —2+2aK,i}
<a; ;-1
(105)

Therefore, for any 4-PP satisfying constions stated in theorem 1 from [2],
there is an ARP equivalent to the value of Q < K.

Example 5:
Let K=1696=2"-53" and the 4-PP coefficients f =55=5"-11',

f, =954=2".53".3%, f.=1272=2%.53".3", f, =1484 =27.53".7" These
2 3 4
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coefficients respect conditions a), ¢) and d) from theorem 1 in [2], resulting a
valid 4-PP.
The values of |, leading to valid values of Q, are factorized as:

| =2%1.53%2. 7% (106)
so that the factorization of Q is:
Q =2 53%2 st (107)
Condition (102) can be written as:
5+2,

5—2+min{l+2+4,a,+5+3+2,2a,,+10}

b

IA

2+4—min 2
1+min{3+1,¢, +5},

—2+min{l+2+3,a,, +5+3+2,2a,, +10}
<o <242

7,

3+min{7,a,, +10,2¢,, +10}

b

< 6—min 2 <a,<4
1+min{4,a,, +5},

~2+min{6,a,, +10,2¢,, +10}
< 6-min{7,5,5,4} <, <4 ©2<q, <4. (108)

Condition (103a) can be written as
1,

I-1+min{l+1a, +1+1,2¢, , +2}

b

1—min 2 <a, <1
min{l,oz,’2 +1},

~l+min{l+La, +1+1+1,2¢,, +2}
1,

min {2,a,, +2,2a,, + 2}

b

< 1—-min 2 <o, <1
min {l,ozL2 +1},

~1+min{2,¢,, +3,2a,, +2|

<:>1—min{1,1,1,1}£a|,2£1<:>OSa,,2£1. (109)

From (104), we have

a,=1. (110)

From (108)-(110), we see that there are 6 possible values for | and,
consequently, for Q, given in Table 7. The possible values for the vector S for
this interleaver, for which Q, =8 (the minimum value of Q) are given in Table 8.
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Table 7. Possible values for Q in the CPP with K =1696, f, =55, f, =954, f, =1272
and f, =1484.

| |28 |56 | 112 | 1484 | 2968 | 5936
Q| 8 |16] 32 | 424 | 848 | 1696

Table 8. Equivalent ARP interleavers with P = f1 , QS =8, S (0) =S (4) =0.
K | f | f f, | fo [ S(1)|S(2) | S(3)|S(5)|S(6)|S(7)
1696 | 55 | 954 | 1272 | 1484 | 318 424 318 1166 | 424 1166

1 2

Example 6:
Let K=216=2"-3" and the 4-PP coefficients f, =11, f, =36=2".3,
f,=144=2".3 si f, =162=2"-3" These coefficients respect conditions a), c)

and d) from theorem 1 in [2], resulting in a valid 4-PP.
The values of |, leading to valid values of Q, are factorized as:

| =2%.3%2 (111)
so that the factorization of Q is
the Q=237 (112)
Condition (102) can be written as

3+2,
3-l+min{2+1+4,a,, +3+4+2,2a,, +6|
1+ 4 —min 2 <
1+min{4+1,a,+3},
—l+min {2+1+3,0,, +3+4+2,2a, +6}
<o, <1+2
5,
2 +min{7,oz,,l +9,2a,, + 6}
< 5—min 2 ’ <e, <3
1+min{5,a,wl +3},
~1+min {6,c,, +9,2a,, + 6}
< 5-min{5,4,4,5}<a,, <3 < 1<q, <3. (113)
Condition (103b) can be written as
3
3—4+min{2+4,a,,+3+2,2a,, +6|
4 —min 2 ’ <o, <4

1+ min {2,05,W2 + 3} ,

—4+min{2+4,0,, +3+2+4+1,2a,, +6}
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3,

-1+ min{6,oc,,2 +5,2a,, + 6}

b

< 4-min 2 <a,<4
1+min{2,0¢,,2 +3},

~4+min{6,a,, +10,2a,, +6}
c>4—min{3,2,3,2}£a|,234<:>2Sa,vzs4. (114)

From (113)-(114), we see that there are 9 possible values for | and,
consequently, for Q, given in Table 9. The possible values for the vector S for

this interleaver, for which Q, =6 (the minimum value of Q) are given in Table
10.

Table 9. Possible values for Q in the CPP with K =216, f, =11, f, =36, f, =144 and
f,=162.

| | 18[36|54|72|108 162|216 |324 | 648
Q| 6 121824 | 36 | 54 | 72 | 108 | 216

Table 10. Equivalent ARP interleavers with P = f, Q. =6, S (0) =S (2) =0.
K flf, | f f, S(l) 3(3) 8(4) 3(5)
216 | 11 | 36 | 144 | 162 | 126 54 72 54

Example 7:
Let K =4802=2"-7* and the 4-PP coefficients f =11, f, =36=2".3,
f,=144=2".3* si f,=162=2"-3" These coefficients respect conditions a), c)
and d) from theorem 1 in [2], resulting in a valid 4-PP.
The values of |, leading to valid values of Q, are factorized as:
[ =2%.7%2 (115)
so that the factorization of Q is
Q=2"2.7%"  (116)
Condition (102) can be written as
1+2,

I-1+min{l+1+4,a,, +1+0+2,20,, +2)

b

1+4—min 2 <o, <142
1+min{0+1,a, +1},

—1+min{1+1+3,0¢,,1 +1+0+2,2¢, +2}‘
3,

min {6,a, +3,2¢,, +2}

2

< 5—min 2
2,

~1+min{5,¢, +3,2a, +2}

<a, <3. (117)

Because
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3,

min {6, a,+3,2a,, + 2}
min 2 ’ <2,
2,

—1+min {5, +3,2c1,, +2|
The double inequality in (117) is fulfilled only for

a, =3. (118)
Condition (103a) can be written as
4,

4-1+min{l+ L, +4+1,2¢,, +8}

b

1—min 2 <ap, <1
min{l,oz,’2 +1},

~l+min{l+La,+4+1+1,2¢,, +8}
4,

3+min{2,a,, +5,2a,, +8}
< 1—-min 2 ’ <o, <1
min {l,ozL2 + 1},

-1+ min{2,0¢l,2 +6,2c, + 8}

al—min{4,ﬁ,1,—1+2}3a,231@osa,zg. (119)
2 > >

From (118)-(119), we see that there are 2 possible values for | and,

consequently, for Q, given in Table 11. As the minimum value of Q is too large,
namely Q, =686, we have not given the possible values for the vector S for this

interleaver.
Table 11. Possible values for Q in the 4-PP with K =4802, f, =10, f, =70, f, =7 and

f,=14.

| [ 8 | 36
Q | 686 | 4802

Example 8:

Let K=1225=5"-7" and the 4-PP coefficients f =12=2%.3",
f,=525=3".5".7", f,=140=2°.5"-7" and f,=245=5"-7". These
coefficients respect conditions a) and ¢) from theorem 1 in [2], resulting in a valid

4-PP.
The values of |, leading to valid values of Q, are factorized as:

| = 204,1 .504,2 .70‘|.3 , (120)
so that the factorization of Q is:
Q=22 5%at s (121)

In the following, we will consider ¢, =0, & , =0 si a; ; =0.

Condition (102) can be written
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0+2,
0-0+min{0+0+4,a,, +0+2+2,2¢, +0}

b

0+4—min 2 <a,<0+2
1+min{2+1,¢,+0},

~0+min {0+0+3,a, +0+2+2,20,, +0}
2,

min {4, a,+4, 20, }

5

< 4-min 2 <a,<2. (122)
1+min{3,a,,l},

min{3, o, +4, 20(,,1}

Because
2,

min{4, a, +4, 20¢|’1}

2

min 2 <2,

1+min{3,a,,l},

min{3,0¢l,1 +4,2a,,1}
The double inequality in (122) is fulfilled only for

a,=2. (123)
Condition (103a) can be written as
Ty s

A, =0, + mln{ozfz,2 to 0, oy, af3,2,2a|’2 + 205“}

b

IN

@, ,—min 2
min {af_;,z,a,,z +aK,2},

—a , +l+m1n{afz,2 F g 5, T O, 20, + 20!K’2}
<, < Ay, ,
2,

2-1+min{2+1,a,,+2+1,2a,, +4)

b

1—min 2 <a, <1
min {l,ozl’2 + 2} ,

—l+min{2+1,0,, +2+1+1,2a,, +4}
2,

1+min{3,¢,, +3,2a,, +4}

3

< 1—min 2 <a, <l
min {1,0{,,2 + 2} ,

—1+min {3,a,, +4,2a,, +4}

<:>1—min{2,£,l,—l+3}£a,2Sl<:>0£a,2£1 (124)
2 s >
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2,

2-2+min{l+2,a,, +2+1,2a,, +4}

b

2 —min 2 <o, <2
min {l,ozl,3 +2},

—2+min {1420, +2+1+2,2a,, + 4}
2,

min{3,a,,3 +3,2¢ 4 +4}
& 2—min 2 , So;s2
min{l,oc,’3 +2},

—2 + min {3, & ;+5,20 5+ 4}

c>2—min{2,%,l,—2+3}£al’3S2<:>1Sa|’3£2. (125)

From (123)-(125), we see that there are 4 possible values for | and,
consequently, for Q, given in Table 12. As the minimum value of Q is too large,

namely Q, =35, we have not given the possible values for the vector S for this

interleaver.

Table 12. Possible values for Q in the CPP with K =1225, f, =12, f, =525, f, =140
and f, =245.

| |28 |140 ] 196 | 980
Q [35|175]245| 1225

4.4. 5-PP interleavers seen as peculiar cases of ARP interleavers
From (27), we have:

I . K o tag  —a w(K) aitay i~ a)(f5) o =0,
Q — — 2 11 K.1 fs.1 . 5—1 . H pi 1, K. fs.i . pi’lf,; fs.i (126)
5-f, i=2 i—o(K)+

In this case, we consider the factorization of K, of the coefficients f,, f,,
f,, f;,and of | depending on whether 5 K or not.

Thus, if 5 / K, the quantities K, f,, f, si f, are the same as in (32) and
(33), respectively, and

o(K) o(fs)
f5 _ 20”5,1 . H piafs.i .Safs,w(K)H . H pia;?i (127)
) i—o(K)+2
a(K) N o fs
I :204,1 . H pial,i .5 Lo(K)+1 H pflf; (128)
i=2 i=o(K)+2
If 5| K, the quantities f,, f, si f, are the same as in (33), and
a(K)
K = 2% . 5%, H piflK.i (129)
i=3
" Y o(K) A
fy=205% e ] nf (130)
i=3 i=o(K)+1
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offs)
| =241 . 5%, H pi“l,i . H plalf, (131)

i=o(K)+1
We mention that in (32)-(33) it could be ¢, =0 and/or &, , =0 and/or

a; , =0 and/or a; , =0 and/or ; , =0 and/or & =0, the other powers of

fS,OJ(K)+1
the prime numbers being greater than 0.
Then, if 5 /( K, we have

o(K) ol fs)
Q =20‘|,1+0‘K,1—af5 H 0‘||+0‘Ki—0‘f5. Sal o(K)+1 ™ t5,0( pali_af5| (132)
i=2 i=o(K)+2
and if 5| K
3 oo 1 o(K) o(fs)
Q:2|.1 K.l f5,1_5l.2 fs.1~ H it i A5 i H pllfl fs.i (133)
=3 i=o(K)+1
As Q has to be a divisor of K, from (132) we have:
D If5[K,
0<og;+a; - Ap (SO S ;=0 SQ; S0y (134)
for i:1,2,3,...,a)(K),
A k1 = A, okyn +1 (135)
and
o =a;, (136)
for i = w(K)+2,...,0(f;).
I If5/K,
0<a+ay;—a ;<o ©a ;o So; Sa; (137)

for i =1,3,...,0(K),
O<a,+a,—a,~1<ay, Sa,-a,+1<q,<a,+1 (138)

and
A =Ayis (139)

for i=w(K)+1,...,0(f;).

From (28), we have:
I) If5 /( K', considering conditions (135)-(136), we have

1K (5, £ 457 £ f K5 £, 12 K2 417K

) _ 22alvl+aKvl+afzyl—2afsyl

5 4
51
( o(f) o( fs)
20‘I itak ity i zaf5 i Afy i Szal o(K)+1 20‘f5 20’I i Zaf5 i
pl f, pl fs
i=2 i=o(K)+1 i=o(K)+2
oK) o) o .
2304‘1+2a+<,1+0!f3,1*30!f5‘1 . 3oy it2ay itari—3a ag .5 A o s o(K)+1 73
pl pl LB
i=2 i=o(K)+1
) o(K) )
. p3a,, 3af5, +24a|71+3aK'1+af471—4af571 . p4a|’i+3aKyi+af4’i—4af5’, . aul .
| I i,f | I i | I
i=o(K)+2 i=2 =o(K)+
o(fs) w(K)
.54“|,m(;<)+1*40‘f5.w(|<)+1*4 . p4a|. —4agg +2505|1+40¢K1—401f5 Sajtdayi—4a
| I i,fs | I
i=(u(K)+ i=2
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o fs) o(K)

_Ssal,w(K)+1*40‘f5.w(K)+|*5 . p50!|.i*4af5.i _ 22%,1*%,1*4%5 I 204 itk i—4ag
| I iLf = I |

=o(K)+2 i=2
a(K) o(f,) o(K)
afz 1+2a “fz it2ag ag +20‘| 1Fag g F U‘I R SR
pl f,
i=2 i=o(K )+l i=2
o(K)
af3, 20¢|71+2aK.1+af471 . 2“I,i+20‘K,i+‘7‘f4,i . af4,
pl fs pi pl Ly
i=o( i=2 i=

o(K)
+230!|41+305K,1 . ]J 30!| |+30!K i, H p f5 i e N+ (140)

A sufficient condition for the expression in (140) to be a natural positive number
is:
200; + o —405f5’i +
+min{ozf2’i + 205f5’i,05|’i +a ot ozfs’i,205|’i +2a,;+ af4,i,3a,’i +30 } >0
4af5,i — i
2
rnin{afz’i + Zafs’i O oy o o ,20‘|,i + ZaK’i + an,i,SaU + SaK,i}
2

S 2

(141)

for i=1,2,3,...,a)(K).
Il) If 5|K, considering (139), we have
K5, £ 45 £ f K5 £, 1P KP4 1K
51!

) _ 22%.1*%.1*%2,1*20%5,1 .

o(K)
200 y+ag gty s =205 r =2 204 ita itar, =204 ay, i 201 =20
-5 | I : | I p| f, I | pl fs +
i=3 i= a) i= a)
o(K) o(f;)
3oy 20k 1 +ay, 1 -3af 3oy 520 H+ag, s 30y 5 H 3a, +2ay jt+oy, 3oy H A,
+2 Rl K,1 3.1 5.1 5 2 K,2 3,2 5.2 i K 3.0 5.0, pl fz" .
i=3 i=a(
a(K)
3a| i 3af5 i 24a|’1+3aKyl+af4’1—4af5’l 54a|’2+3aK.2+af472—4af5. 4zz| 3oy itag,, |—4af5 i
IO + . :
i=3
(f4) o(K)
au i 4a| i 4ozf5 i 5a|’1+4a,<_1—4af5_1 5a|’z+4aK’z—4af5 2= 5a| i+day i—4af5 i
Pif | | p +2 5
i=o(K)+1 i=3
ol f5 2] K)
Saq 4af‘ _ 22a|‘]+a|<‘|74af5_| . 52a|‘2+aK’274af5‘275 . 2a|’i+aK’i74af5’i .
p = P;
i= (u i=3
+2 +2 +3 w(K) +2 a)( fZ) + + +
Ay 112051 Ay 2F2 05 0 Aty i Tois i Aty i R e A g A
2 5 P pif+2
i=3 i=o(K)+1
oK) )
_5a|‘2+ar<,z+0!f3,z+0‘f5.z+2 . ot iy g Aty + 220‘|,1+2‘1K.1+a’f4,1 _52‘1’|.2+2‘1’K.2+‘1f4,2+1 .
pi pi,f3
i=3 i=(u(K)+l
o(K) o(K)
H 2a, +2ay jtog l—l aq 3o 143, 3oy 5,430 l I 3a +3a l l ag +
i K,i 4|' p 4|++2 1,1 K,l‘ 1,2 K,2 1 KI. plle E
i=3 i= w i=3

(142)
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A sufficient condition for the expression in (131) to be a natural positive number
is:
4oy , =0y, +5

o,z > -

min{asz +2a ,+3, 0, o, o o 2,20, 20, o, +1.3, +3aKv2}

2
(143)
and
4af5,i Ay
a; = > -
_ (144)
rmn{ozfz,i +205f5’i,oz,,i +oy g tay +05f5,i,205,,i + 20y +05f4’i,30¢,’i +3aK,i}

2
for i =1,3,...,0(K).
From (29), we have:
I) If5 /( K, considering conditions (135)-(136), we have:

d-(2. . o(K) o(f,)
21 (2 f4 +1 K) . 2a|,1+af4_l—afsyl+2 H pa.,i+af4,i—af5_i ) H paw )
- i i,f
5-1; i i—o(K)el
o f (K
% o(K)1 ™ ¥ 15 o(K)s1 1 ) Q=g 20 1+oy 1=y g+l ) 20 i+ =0y
R | [T | CR
215
i=o(K)+2 i=2
2¢ )17 15 w(K) -1 ofs) 20y i —a o~y 1+l oK) o i—a
1o(K)+1 ™% s oK)+ 00 _ A% tl L0
5 : Pi.s, =2 H Pi
i=o(K)+2 i=2

i=2 i=o(K)+1 i=o(K)+2

e e o)y
2 gl . H pi fai | pi’;i.l +2a|,1+0!K,1 . H pia“-*-aKJ X 5 fs,0(K)+1 3 pi’;jl c N+
. i .

(145)

A sufficient condition for the expression in (145) to be a natural positive number
is:

o, -, +1+ min{ozf‘b1 +lo, + aK,l} >0

S0 za —l—min{ah’1 +1,, +aKJ} (146)

—Qp i+ min{ozfépi,oq,i oy } 20 o 2ay; —min{ozu’i,oqji + aKji} (147)

a;

for i =2,3,...,a)(K).
Il) If 5|K, considering (139), we have:
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K
2 . I . (2 . f4 + I . K) _ 2al,1+0‘f4,170‘f5.1+2 .5a|72+af4'2—af5'2 H le itayy, |"7‘f5| H paul .

5- 1, i=3
o( fs) s s o(K) 2
)i~ ) +oy ) —agg 1 X Qp+ag p =g p -1 AT s i
Pi 1. +2 5 | |
i=w K)+1 i=3
o fs) a(K)
2o =i _ o et 0~’| 2G50l 0~’| i~ i
2 .
p|,f5 -
i=o(K)+1 i=3
o(fy) a(K)
2% ath 5%02 I | pau. . | I pl Hhai it gt | I aitag | I pafsl e N*
i=o(K i=3 i=o(

(148)

A sufficient condition for the expression in (148) to be a natural positive number
1s:

o, —a,+ 1 +min{05f4’1 +1lo, + aK,l} 0

So,za 1= mln{af1+1a|1+am} (149)

, =, —1+ min{ozfmz,aq,2 + am} >0

So,za,+ 1 —min{ozféhz,aq,2 + aK,z} (150)

=+ min{ozf“,ocl’i + oy } 20 @ 2a; —min{ozf“,ozl’i + aK’i} (151)
for i =3,...,a)(K).

From (30), we have:
I) If5 /( K, considering conditions (135)-(136), we have:

(53, f,45-2:3- - - L K+2-17.K2) o ey
— DOt 3Hp" 370

52 . f 2
I | af3 i al oK)+ s oK)+l I I pal R + 220‘|,1+‘ZK,1+‘1f4.1*05f5,1+1 3.
K
2O‘I itOK ity i . Ay i . 2 |.a)( )+1 af5 o 2a|,i_af5,i +
pl fy pl fs
i=a( i=o(
3ap +2ay 2 +1 oK) 3qp j+2ak -2« 3q -2a 3y i2a
1.1 K,17<%f5.1 . 1 KiTe% s | Lo(K)+1 f5.0(K)+ Li—4%i __
+2 | I pi 5 | I p| fs -
i=2
K 2] f;
0‘| 124 a 20 af3 1+ Qg i+ iy
| I 3 p p,
i=2 i= {u
K
o tag oyt tl al itag itay it Aty g %fs5,0(K)+ agg i
+2 . pI i -5 pI
i=2 i= w i= w
K 1
20y, +2ay 1+l 20,+2 %okt
42 ) tiag + I I atia i g%s.o(K)+ I I paf5| c N+ (152)
i=2 i=

A sufficient condition for the expression in (152) to be a natural positive number
is:
o, —2a ,+ mln{o%1 tag Lo, togtag o+ L2020, + 1} 20

e, 220, -minfa,  +a; .0, + o Fag, Fag, F1.2a, + 2a, +1 (153)
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a, —205%,i + min{aw H 5,0 T 0 o+ afs’i,Za,’i + 2aK’i}Z 0
S a2 Zafsji —min{ozfzji +a ot Tyt afs’i,Zal’i + ZaKJi} (154a)
for i=2,3,...,0(K), daca 3| K.

If 3|K, thatis p, =3, then, for i =2 , the relation (154a) becomes

a, = 20@5,2 —min{a:fb2 +a ,+ Lo, +ag,+ A, T, + 1,2, + ZaK’z} (154b)
IT) If 5|K, considering (139), we have
I-(5-3- - f,+5-2:3-f, f- 1. K+2.17. K?

) _ 204,1*0%3,1*0‘%.1 3. 50‘|,z+af3,z*af5,z*1 .

2 2
.

o(K) o f5)

. aitan i ~Ar Ani Q=g 2o ety e atl 4 g2aptagatag el
| I P; I | p. Pi. s, +2 3-5

i=3 i=o(K i=o(K)+1

o(K) o fs)

20 jtag itayy i~ | Ay i 204 T 3oy 20 = 2a 1+ Q3o pt2a p-2a -2
pi ’ I | p| ' | I p +2 ’ -5 '

i=3 i=o( i=o(

w(K) 2l f5 w(K)

pi3‘1|,i+20‘K.i*20‘f5.i . I | p3a||*2a _ 204.1*2045.1 _50‘|,z*20‘f5‘2*2 . | I piaufzafs‘i .
i=3 i=3
o(K) o( f3)
20‘f3.1+0‘f5.1 _3_5’1f3,2+0‘f5 2+l I | it | I o) Aty +2a|1+0‘}<1+0‘f41+0‘f51+1 3.
i,fy
i=3 i= a)(K)+l
K
Q) g o g+ g o+l a| PTOK Ty i T s f4 i f5 i
i=3 i=al i= w
2 2 l 2 2 K 2 2 w( fS
o) 1t+2a, + o) ,t+ia, o itia (Z
+2 1.1 K.l 1,2 K.2 I | 1i Ki o, fsl €N+ (155)
i=3 i= w K

A sufficient condition for the expression in (155) to be a natural positive number
is:

S a2 2af5,1 —min {afz,l tag Lo, o Tag o L2ay, + 20, + 1} (156)
Q, 22a; ,+2—min {O‘f;,z tag,tha, ro, o, ta,+1,20,+ Zam}
(157)
S a2 2af5)i —min{af},i +ay 0 o Otfs’i,Zoq’i + ZaK’i} (158a)
for i=3,...,0(K), daca 3/( K.

If 3| K, thatis p, =3, then, for i =3 , the relation (158a) becomes
Q5220 5~ min{ocfs’3 to Lot ta s +ra s+ L2055+ 20{K,3} (158b)

From (31), we have:
I) If5 / K', considering conditions (135)-(136), we have:

(522, £2 453 £, £ L K44 £, 12 K2 41K

) _ 2a|vl+af27|—afsvl+l .

3 . f 3
o(K) . . . o(fs) o e 5
Qi+, i =i Aty i 1Lo(K)+1 ™~ Ffs,0(K)+1 ~ )i~ g i L R S Rt A a2 A1
pi | I p| f, -5 p| fs +2 -3
i=2 i—o(K)+2
w(K) 5 " ol f5
200 j+ay jHag =2 Off3 i ) oK)+ 72045, m(K)+1 20120
P; I | p -5 I | Pi.1, +
i=2 i= a) I—(u +2
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K
+23al‘l+2al<,l+af4‘l*3af5l+ H 30‘||+20‘K|+0‘f4| Sagg H p“mu . 3‘7‘| oK) 7305 oK) 73

i,f,
i=2 i=o(
a( fs) w(K)
3gyi=3ag 24‘1’|,1+30~’K.1*30‘f5 1 40‘| i3y i—3agg 54“|,1u(K)+1*3‘1f5,m(K)+1*3
p| fs + ’ '
i=2
o(fs) o(K) o(K)
4o i-3ag; 0’| 1 =3 0’| i3 afz 1+2ag 1+ afz i+2agg fz i
p T = ~ T el
i,fs i,
i—o(K )+2 i=2 =2 =
o(K) o( f3)
Q) o Ty s ) jtog it it ag 205" +2aK, +ag _1+2
+2 3 5.0, 3 . | I pi i T i T s | I p 3. 1 17y .
i=2 i= aJ
20 +2ay +a olty) a 3,43 a)(K) 30 ;+3 05 +1 a
1 K.i fq i . p fq i +2 ) TI0K Q) iTI0K i . f5.0(K)+1 fs.i = N+
p I | i, | I Pi | I p
i=o(K)+1 i=2 i=o(K

(159)

A sufficient condition for the expression in (159) to be a natural positive number
is:

o, —3a , +

+min{0¢fz L+ 205f5 Lo o+ o, + 05f5,1,20(|’1 +2a,, + a, + 2,30, + 3aK,1} >0

S, 23, -

—min{ozfz VP20 Loy o o a2, 20 o +2,30, + 3aK,1}
(160)

a, —3af5’i +
+min{af2)i + 205f5,i,05|’i +toy o+ afs’i,2a|)i + 20{K,i +oy ,3a,’i + SaK’i } >0

Sap 230 —
E 5o

) (161a)
—min {afz,i + 2af5,i,a,,i toy ooy ,20{,,i + ZaK’i + af4,i,3al,i + 3aK,i}

for i=2,3,...,0(K), daca 3| K.
If 3|K, thatis p, =3, then, for i =2 , the relation (161a) becomes
a, 2 30:%’2 -
—min{ozfz’2 +2a 0, v o, tag o, 120, 20, o 5,30, + 3aK’2}

(161b)
Il) If 5|K, considering (139), we have

(572 f,- £2+5.3- f- £ 1 K+4- £, - 17 K>+ 1P K?)

_ 2a|41+af2 1 —afsyl-ﬁ—l .

3 3
5.1,
+ 1 oK + olfs) 20 oy + 2
RAHAR 705 oL Ait0 i~ | a5, i )i~ i AT T3 172651
5 H P Pif, p +2 3
i=3 i=a)(K)+1 i (u
a(K) o(f;)
204y ag gty p =205 =2 I | 204 it it T2 I | ag I | 20120
5 pl fs pl fs +
i=3 i=o(K
o(K
+23a|11+2aKY1+af441—3af5w1+2 . 53a|,2+2aK,2+af442—3af5Y2—3 . 3a,)i+2aKﬁi+af4wi—3af5,i . ag, .
i pl f,
i=3 i= a)
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(u( f5) K

pi3‘:|,i*30!f5,i + 240‘|,1+30‘K.1*3af5,1 . 5404.2*3‘1»(,2*30%5 H 4l7‘| it i3
i=a)(K)+1 i=3
o f5) w(K)
4a|’i—3af5.i . 2a|’1—3af5.1 . 504'2—30!% - a“ 3af5, . af2'1+2af5’1+1 . 5af2'2+2af5'2+2 .
Pi. s, =
i=o(K)+1 i=3
o(K) o(f,)
. apy it Ay, j N ARt q  gPatak s ot
| I pi P +2 3-5
i=3 i=o(K)+1
2] K) a)( f;) (u(K)
pa|‘i+aK‘i+af3‘i+afS, . pafz, 2a|.1+2aK,l+af4.1+2 . 52a|’2+2aK’2+af472 . p2a|.i+2aK’i+af4.i .
i I | i
i=3 i=0(K)+1 i=3
w( f,) o(K) o fs)
au i 3a, 1+3ak 53a, 2+30k 3a j+3a Qg n
IO ||I0 - I1 n' peN"(162)
i,fs
oK)+ i=(K)+1

i=
A sufﬁ01ent condition for the expression in (162) to be a natural positive number
is:

<o, 23a -

—min{otfz,1 + 205%51 +ho, +a, + Qg+ ()tf551,205|,l +2a,, + a,+ 2,30, + 30{,(’1}
(163)

a, 2 305%,2 +3-—

—rmn{ocfz,2 20 ,+ 2,0, v, tog o, + 120, + 20, a5, 30, + 3aK,2}
(164)

a; —3afsji +

+min{0¢f25i + 2afsji,a|’i toy ot afsji,Zalji +2a,;+ af4,i,3a,’i +30y } >0

S a); 23a4 -
s 5

) (165a)
—mm{otfz,i + 205f5,i,05|’i to o tagg ,204,i + 205K,i + af4’i,3a|’i + 3aK,i}

fori=3,...,0(K)i=3,..,0(K),if3[K.
If 3| K, thatis p, =3, then, for i =3 , the relation (165a) becomes
Q 5 2305](5,3—

—min {aw +20 g, o st oy st o s+ 120+ 20, o 3305+ 30{“}

(165b)
Concluding,

I If 5,{ K, gathering the conditions (134)-(136), (141), (146)-(147),
(153)-(154a,b) and (160)- (161a,b), we have
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aK,l’
a,,—2a
K.l fs.l
= +
2

. min {afz,l +2a 0, ta tag a2+ 20 a3+ 305,(,1}
—min 2

1+ min {ozn,1 +Lea, + aK,l},

—a , + mln{osz1 ta; o, tog tag+ 1,204’1 + 205K,1 + l},

ot 205%,l + l,a,’l to, tag,tag,
—2a; , +min
200, + 2, + g, + 2,30, + 30y

Sosaq
(166)
Ay

aK,I’

a;—2ay

2
min {am + 205f5,i,05,,i toy o+ afs,i,Za,,i +2a,; + af4,i,3a,,i + 30{K,i}

+ > ,
—min

m1n{05f4’i,oz,,i +aK’i},

—Qy +mln{oef3’i tag ooy +05f5’i,205,,i +20¢K’i},

e 2o oo tag gt ag g,
—2a; ; + min
200 + 20 +05f4’i,305,,i +3ay

Sa; s o
(167a)

for i=2,3,...,0(K),if 3[K.

If 3|K, thatis p, =3, then, for i =2 , the relation (167a) becomes
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aK,Z’
a 2a
K,2 fs,2
24
2
mm{ozfz’2 + 2af5,2,a,’2 tag, o, + 05f5’2,201,,2 +20y,+ af4’2,3a,,2 + 305K,2}

+

b

2

—min mln{am,aL2 + aK’Z},
—a , + mln{ocfp2 +ta,+ Lo, +a,+ a;,+ 1,2, , + 2aK,2},
—2af5,2 +

+ min {aw + 205f5,2,05,,2 tag,tag,ta,+ L2a, +2a, , + af4,2,3a|,2 + 30{“}

<, < A,
(167b)

A iy = Aoy 1 (168)
and

Qi = s (169)

for i = w(K)+2,...,0(f;).
Il) If 5|K, gathering the conditions (137)-(139), (143)-(144), (149)-
(151), (156)-(158) and (163)- (165), we have

A1~

aK,l’

a 2a

K.1 fs.1
=+
2
. min {afz’l +2a 0, ta o a2+ 2 a3+ 30{K,1}
b

—min 2 <

I+ mln{am,1 +La, + aK,l},

—a; +min{af3,] ta Lo tog ot L2, +2a, , + l},

C o, +2af5,] +La, +ay, tag o,
—2a; , +min
200, + 20y ta; , + 2,30, + 3

=g, < ag
(170)
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Ok 2»
a 200, , -3
K,2 f,2
+
2
1. afz’z+2af5’2+3,a,’2+aK’2+af3’2+afs,2+2,
+—-min ,

200, + 20, + Ay, 5 +1,3¢q,, +3ay ,

—min mln{a%z,a,,2+aK’2},

—a; , -1+ min{aw tag, +La,+ay, tag ,tag, +1,2¢, + 20{K,2},

20 ,—2+

et Zozfs,2 + 2,05,,2 ta,ta ,ta +1,
+min
200, + 20, , + am,?aa,,2 +3a ,

Sa,<a;,+1
(171)
Ay i~

aK,I’

Ay 2af5,i

2
mm{ocfz’i + 205f5’i,a,’i tota;+ afs’i,Za,’i +20; + ocf“,Soz,Wi + 3aK’i}
+ : ,
. 2

—min

mln{ocfz“i,oqvi +aK7i},

—Qy + min {aw ta Loty Jrocfs,i,Zoz,,i +2aK,i},

Clanit2a o toag o tag g,
—2a;_; + min
204 + 20 +05f4’i,3»05|,i +3ay

<o s ay
(172a)

fori=3,...,0(K),if 3[K.

If 3| K, thatis p, =3, then, for i =3 , the relation (172a) becomes
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aK,S’
a 2a
K.,3 f5.3
=+
2
. min {ozfz’3 +20 g0t ot ag st ag 20+ 20 oy 3,305+ 30{K,3}
b

2

—min min{aw,al’3 + am},

a5t min {ocf},3 +ag 5+ Loy +ay;+ a5+ 1,2, + 2aK,3},
—205%,3 +

st 205%’3,05,’3 tag,tag s tag s+ 1,
+ min

2005+ 20 5+ Otfzhg,,?mt,,3 +3ay 5

S5 < Qs

(172b)
and
A =Ayis (173)
for i=w(K)+1,...,0(f;).
We mention that if the left hand side of the double inequalities (166)-
(167a,b) and (170)-(172a,b) is negative, it is considered to be 0.
Obviously, for a; = &, ;, with i=1,2,3,...,0(K), when 5/( K and for

a,; =a;, with i=13,...,0(K) and ¢, =a,,+1, when 5|K, it results that

Q=K.
To demonstate that there are also valid values Q < K, it is sufficient to
prove that ¢;; = a, ; -1 verifies the first inequality in (167a) or (172a). Because

for 1=2,3,...,0(K), we have a, 21, a; 21, a;,; 21, a,; 21, a1,
then, replacing-«, ; = & ; —1 in the left hand side of (167a) or (172a) leads to
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aK,I’
;i —2ay
2
. min {am + 205f5,i,05K,i +ta;+ 205%,i -12a,; + a i+ 205&,i -2,3a,; + 3af5,i - 3}
2
—min mll’l{au,i,aK’i +og —1},
—ay +min{oef3’i +ag 0 +205f5’i -1,2a; +205f5’i —2},
—2a, ;+
S,
+m1n{ozf2’i 20 o ta 20— 1L2ay oy + 20 2,30+ 3ay —3}
Sap ;-1
(174)

Therefore, for any 5-PP satisfying the conditions imposed by theorem 1

from [2] there exists an equivalent ARP with Q < K .

Example 9
Let K=1696=2"-53" and the 5-PP coefficients f =55=5"-11',

f,=954=2".53".3%, f,=1272=2".53".3", f,=1484 =2%.53".7",
f. =1060=27-53"-5". These coefficients respect conditions a), c) and d) from
theorem 1 in [2], resulting in a valid 5-PP.

The values of |, leading to valid values of Q, are factorized as:
| =2%1.53%2.5%: (175)

so that the factorization of Q is:

Q=2%".53%2 . 54572 (176)
Conditions (166), (167a) and (168) have to be imposed.
Condition (166) can be written
5,
5-4
—t
2
min {1+4,a,, +5+3+2,2a,, +10+ 2,3, +15}

2-min{* 2 ’ <o, <2

1+min{2+1,05,,1 +5},

—2+min{3+2,a,,+5+2+1,2a,, +10+1},

—4+min{1+4+1,o¢l’1 +5+3+2,2a,,+10+2+2,3¢, +15}

35

5

IA




14.

< 2 —min

5,

1+ min{S,a,J +10,20£|’1 +12’3al,1 + 15}
2 9

1+min{3,0{l,1 + 5},

-2+ min {5,04,1 +8,2¢,, +1 1},

—4+1’1’1i1’1{6,0€u +103 2aﬂ,] +14>3al,1 +15}

<:>2—min{5,3,4,3,2}£a,,1S2<:>OSa,JS2 (177)
Condition (167a) can be written as

1 — min

1

2

1-2

2
min{1+2,a,, +1+1+1,2a, +2+1,3a, +3}

+

2

min {1,05,,2 + 1},

—l+min{l+1La, +1+1,2¢, +2},

“24min{l+2,a, +1+1+1,2a,, +2+1,3a, +3}

< 1—-min

1,
_1 + min {3, 0!|’2 + 372a|,2 + 3’ 3a|)2 + 3}
2 2

min {l,ocl’2 + 1},

-1+ min {2,(2,’2 +2,2a,,+ 2},

—2 + min {3,0!|’2 + 3, 20!|’2 + 373a|,2 + 3}

< 1-min{l,L,L1}<¢,<1 <0<, <1
From (168), we have

;=2
From (177) - (179), we see that there are 6 possible values for | and,
consequently, for Q, given in Table 13. The possible values for the vector S for
this interleaver, for which Q, =8 (the minimum value of Q) are given in Table

(179)

b

(178)

Table 13. Possible values for Q in the 5-PP with K =1696, f =55, f, =954,
f,=1272, f, =1484 and f,=1060.

| | 2550|100 | 1325|2650 | 5300

Q| 8 |16] 32 | 424 | 848 | 1696

Table 14. Equivalent ARP interleavers with P = f,, Q. =8, S O) =S (4) =0.
Kb f) L 5 fo ) f | S()|S(2)]S(3)]|S(5)]S(6)]S(7)
169 | 55| 95 | 127 | 148 | 106 | 1378 | 424 | 106 | 1378 | 424 106
6 4 2 4 0
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Example 10:

Let K=216=2°-3’ and the 5-PP coefficients f, =11, f,=36= 2%.3%,
f,=144=2%.3", f,=162=2"-3" si f,=54=2"-3". These coefficients respect

conditions a), ¢) and d) from theorem 1 in [2], resulting in a valid 5-PP.
The values of |, leading to valid values of Q, are factorized as:

| =2%0.3%2. 5% (180)
so that the factorization of Q is:
Q =24"2.3%2 . 5% (181)
Conditions (166), (167a) and (168) have to be inposed.
Condition (166) can be written

3,
3-2
-4
2
min{2+2,a|’1 +3+4+1,20l|’1 +6+1>3a|,1 +9}
1-min{ " 2 ’ so =l

1+ min{l+1,¢, +3},

~l+min{4+1,¢, +3+1+1,2a, +6+1},

—2+min{2+2+ 1L, +3+4+1.2¢, +6+1+2,3a, +9}

3,

L+ min (4,0, +8,2a,, + 7,3, +9)
: :

1 — min 1+min{2,a|’1+3}, <a, <1

-1+ min{S,Ot,,1 +5,20, + 7}>

2+ min{5,a,, +8,2a,, +9,3a,, +9)

< 1-min{3,2.5,3,4,3}< ¢, <1< 0<q, <1 (182)
Condition (167a) can be written as

3,
3-6
—
2
min{2+6,a,’2 +3+2+3,20{|’2 +6+4>3a|,2 +9}
3-min{ " 2 e s?

min {4, a,+ 3} ,

~3+min{2+3,0,, +3+3+1,2a,, +6},

~6+min{2+6,a,, +3+2+3,2a,, +6+4,3a,, +9}
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3,

-3+ min{8,,, +8,2a,, +10,3¢, , +9}
2 b

3—-min min{4,a|’2+3}, <a,<3

-3+ min{S,ozL2 +7,2a,, + 6},

_6 + min {8, CZLZ + 87 2a|W2 + 109 3a|,2 + 9}

<3-min{3,2.5,3,2,2}<q,,<3 1<, <3 (183)
From (168), we have
a, =1 (184)

From (182) - (184) we see that there are 6 possible values for | and,
consequently, for Q, given in Table 15. The possible values for the vector S for

this interleaver, for which Q, =12 (the minimum value of Q) are given in Table
16.

Table 15. Possible values for Q in the 5-PP with K =216, f, =11, f, =36, f, =144,
f, =162 and f,=54.

| | 15]30|45]90] 135|270
Q|12|24]36|72|108|216

Table 16. Equivalent ARP interleavers with P = f,, Q, =12,
5(0)=5(2)=S(3)=5(6)=S(8) = S(11)=0.

K| ff] f]f S(1) | S(4) | S(5) | S(7) | S(9) | S(10)
216 | 11 | 36 | 144 | 162 | 54 | 180 72 108 72 108 72

Example 11:

Let K=4802=2"-7" and the 5-PP coefficients f =10=2"-5",
f,=70=2".5".7", f,=7=7", f,=14=2"7" si f,=196=27-7". These
coefficients respect conditions b) and ¢) from theorem 1 in [2], resulting in a valid
5-PP.

The values of |, leading to valid values of Q, are factorized as:

| =24 .7%2 . 5% (185)
so that the factorization of Q is:
Q= 204,1—] . 704.2+2 _50‘|.3—1 ) (186)

Conditions (166), (167a) and (168) have to be inposed.
Condition (166) can be written
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1,

1-4
—+
2

min{l+4,a,,1 +l+0+2,20(|,1 +2+153a|,1 +3}

2-mind ™"

b

2

1+min{1+1,0¢,’1 +1},
—2+min{0+2,au +142+1,2¢a, +2+1},

“4+min{l+4+La, +1+0+2,2a, +2+1+2,3a, +3}

1,
-3+ min {5, a,, + 3,2a|,1 + 373al,1 + 3}
2 9
2 —min 1+min{2,a,’1+1}, S, <2
~2+min{2,a,, +4,2¢,, +3},
—4 + min {6, a,+3,2a,,+5,3a,, + 3}
1,
—3+min{5,0£|,1 +3,201, +3,3, + 3}
2 b
< 2 —min 1+min{2,a|’1+1}, So, <2 (187)
0,
Because
1,
-3+ min {5, a,’l + 3,2a|,1 + 3a 36xl,l + 3}
2 2
min 1+min{2,a,,l+1}, <0,

0,

—4 + min{6, am + 3, 205|,1 + 5a30[I,1 + 3}

The double inequality in (187) is fulfilled only for

Q) =2

(188)

Condition (167a) can be written
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min{l+4,¢,, +4+1+2,2¢,, +8+1,3¢;, +12}
2-min{ " 7 T S, <2

min {1,0{,,2 + 4},

~2+min{l+2,a,, +4+2,2a,, +8},

—4+min{1+4,a,’2 +4+1+2,206|’2 +8+153a|,2 +12}

4,
min {Sﬂal,Z + 7,2(Z|’2 + 9930{I,2 + 12}
2 b
2 —min min{l,oc,’2 + 4}, <g,<2

-2+ min{3,a, +6,2a,, + 8},

—4 + min {S,O{I,z + 7,20{,2 + 9,30!l,2 + 12}

c>2—min{4,§,1,1,l}£a,yzS2c>1£a,72£2 (189)
From (168), we have
a,=1 (190)

From (1882) - (190) we see that there are 2 possible values for | and,
consequently, for Q, given in Table 17. As the minimum value of Q is too large,

namely Q, =686, we have not given the possible values for the vector S for this
interleaver.

Table 17. Possible values for Q in the 4-PP with K =4802, f =10, f,=70, f,=7,
f,=14 and f, =196.

| | 140 | 980
Q | 686 | 4802

Example 12:

Let K=1225=5*-7" and the 5-PP coefficients f =12=2%.3",
f,=525=3".5".7", f,=140=2%.5".7", f,=245=5".7" si f,=245=5".7".
These coefficients respect conditions a) and c) from theorem 1 in [2], resulting in

a valid 5-PP.
The values of |, leading to valid values of Q, are factorized as:

| =29 .5%2 7% (191)
so that the factorization of Q is:
Q=2%".5%2.7% =| (192)

In the following, we consider that «,,=0, a;,=0, a;,=0 and
ag,=0.
Conditions (170), (171) and (172a) have to be imposed.
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70), we have
(193)

Condition (171) can be written

From (1

a,=0.
2,
2_

+

2-3
S e e

2

min{2+2+3,a|’2+2+1+1+2,2al’2+4+1+1,3al’2+6}

2

1+1—-min min{l,oc,w2 + 2},

2 —min

2

3+ min{7,0!.,2 + 6,205,’2 + 6,30:,,2 + 6}

2

2
min {l, a,+ 2} ,

-2+ min {3,0{,”2 +4,20, , + 4} )

—4 + min {6,0;,,2 +5,2a,+5,3a,, + 6}

<::>2—min{2,%,l,1,l}£0¢l’2 L2o1<q,<2

Condition (172a) can be written

2

b

~I-l+min{l+1+La,, +2+1+1,2a,, +4},
-2-2+

9

2-4 min{l+4,0,+2+1+2,2a,,+4+2,30,,+6}
N , , ,

+min {2+2+2,a, +2+1+1+1,20,, +4+1,3a,, + 6}

2

2

2 —min< min {2,05,,3 + 2},

2,

min {5,@,73 +5, 26¥|,3 + 6,3&,73 + 6}

~2+min{l+2,a,+2+2,20,, +4},

-1+

2 —min< min {2,0{,’3 + 2},

—2 4+ min {3,0{,,3 +4,20, + 4},

~4+min{5,a, +52a,, +6,3, +6)

2

2

< 2-min{2,2,2,,1}<q ;<2 & 1<q; <2

From (193) - (195), we see that there are 4 possible values for | and,
consequently, for Q, given in Table 18. As the minimum value of Q is too large,
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b

—4+min{1+4,al,3 +2+1+2,2(Z|’3 +4+2,3C¥|,3 +6}

(195)

9

<, <1+1

(194)




namely Q, =35, we have not given the possible values for the vector S for this
interleaver.

Table 18. Possible values for Q in the CPP with K =1225, f, =12, f, =525, f, =140,
f, =245 and f,=245.

| | 351752451225
Q [35|175]245| 1225

5. Conclusion and final remarks

In this paper, the conditions in [1] for a QPP interleaver to be expressed as
an ARP interleaver were extended to PP interleavers of any degree. These
conditions were customized for PP interleavers of degree 3, 4 or 5, whose
coefficients satisfy the sufficient conditions from [2]. It was shown that these PP
interleavers can always be expressed as special cases of an ARP interleaver in
which the values of the periodic shifts follow the nonlinear term of the PP
interleaver function. Therefore, the ARP interleaver is a sufficient permutation
model to design TCs with minimum Hamming distances and, therefore, with the
achievable asymptotic performance of any of the above mentioned PP
interleavers.

We remark that PLPP based interleavers composed of L LPPs were
introduced in [23]. It was shown that an ARP is actually a particular PLPP with
the linear terms coefficients of the component LPPs equal to the value of P from
(1)and L =Q . Sufficient conditions for a m-PP to be written as a PLPP were also

given. These conditions are more restrictive for m-PP than those in [2], meaning
that the coefficients f;, with j=2,...m, must have 2 as factor, when K is even,

condition that is not required by the condition c) of Theorem 1 of [2]. In general,
the minimum number of LPPs of the PLPP equivalent to a m-PP, L, is half of the
minimum value of Q for the ARP equivalent to that m-PP, when the length of the

interleaver is even. Thus, the number of values to be stored is 2-L for the
equivalent PLPP and Q+1=2-L+1 for the equivalent ARP. Considering values

equal to 0 for some ARP parameters leads to approximately the same storage
requirements, and the same computational complexity (i.e., a multiplication, an
addition and a modulo K operation for each of the K values of the permutation
corresponding to the interleaver).
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